We discuss the geometry of the c-map from projective special Kähler to quaternionic Kähler manifolds using the twist construction to provide a global approach to Hitchin's description. As found by Alexandrov et al. and Alekseevsky et al. this is related to the quaternionic flip of Haydys. We prove uniqueness statements for several steps of the construction. In particular, we show that given a hyperKähler manifold with a rotating symmetry, there is essentially only a one parameter degree of freedom in constructing a quaternionic Kähler manifold of the same dimension. We demonstrate how examples on group manifolds arise from this picture.
Introduction
The c-map was introduced in the physics literature by Cecotti, Ferrara and Girardello [9] and explicit local expressions for the metrics were provided by Ferrara and Sabharwal [15] . It is a remarkable construction that for certain Kähler manifolds S of dimension 2n creates a quaternionic Kähler manifold Q of dimension 4n + 4. The manifolds Q are Einstein with negative scalar curvature and have holonomy contained in the group Sp(n + 1) Sp (1) . The map is derived from a duality of moduli spaces for type IIA and IIB string theories which takes a product S × Q ′ × CH(1) to a product S ′ × Q × CH(1), with Q the c-map of S and Q ′ the c-map of S ′ .
Historically the c-map construction has had particular importance for the study of homogeneous quaternionic Kähler manifolds. In [9] , Alekseevsky's method [1] for classifying completely solvable Lie groups admitting a quaternionic Kähler metric was used to elucidate the geometric properties of the c-map for homogeneous spaces. Later the c-map was used by de Wit and Van Proeyen [13] to show that the above homogeneous classification was missing one family of spaces, a derivation of the correct result using Alekseevsky's construction was then provided by Cortés [10] . The significance of these spaces is that they include the only known examples of homogeneous quaternionic Kähler manifolds that are not symmetric.
Given the importance of these homogeneous results, it is surprising that the first mathematical description of the c-map was published by Hitchin [20] in 2009, building on the description of the relevant Kähler geometries in Freed [16] . As was well-known, an intermediate step is the construction of a hyperKähler manifold H, which is the rigid c-map of a cone C on S. It then became apparent that the passage from the hyperKähler manifold H to the quaternionic Kähler Q, was a pseudo-Riemannian version of a much more general construction of Haydys [18] . This has now been dubbed the hK/qK correspondence and has been studied both in the physics literature, for example [4] , and mathematically, for example [22, 21] . In the particular context of the c-map, Cortés et al. [2, 3, 11] have shown that this correspondence reproduces the explicit local expressions for the c-map and its one-loop deformation, first seen from a twistor viewpoint by Alexandrov et al. [4] , and used it to construct new examples of complete inhomogeneous quaternionic Kähler manifolds.
Given that the c-map is a manifestation of a general string theory duality, it is useful to put the above constructions into a wider context. In [28, 29] a twist construction was introduced as a geometric interpretation of a broad class of T-duality constructions. It was successfully exploited to produce geometries with torsion and particular examples of hypercomplex structures. However, it was not apparent how it could produce Riemannian metrics of special holonomy. The central purpose of this paper is to show how to adapt the twist construction so that hyperKähler manifolds with a rotating circle symmetry may be used to produce quaternionic Kähler manifolds. The method to do this involves considering a combination of a conformal change in the hyperKähler metric together with a different conformal scaling along quaternionic directions associated to the symmetry. We prove that there is essentially only one degree of freedom if the result is to be quaternionic Kähler. It immediately follows that the descriptions of the hK/qK correspondence in Haydys [18] , Hitchin [22] and Alekseevsky, Cortés and Mohaupt [2] agree and that the twist construction may be used to describe the c-map. We will therefore present the construction of the c-map in this context, with emphasis on proving uniqueness of the constructions involved. We take a uniformly global approach, with the aim of elucidating the geometric basis for the c-map and illustrating how information may be extracted from the twist construction. We consider metrics of arbitrary signature when appropriate. In [30] similar constructions are considered for tri-holomorphic actions on hyperKähler manifolds; in contrast to the single parameter in the present paper it turns that there is much more freedom in the way of obtaining twists that are again hyperKähler. In outline the constructions are as follows, see Figure 1 . A projective special Kähler manifold S may be defined via a complex reduction of a regular conic special Kähler manifold C. For supergravity the latter has complex Lorentzian signature. The rigid c-map defines an indefinite hyperKähler metric on H = T * C. This carries a circle action and the aim is to produce a quaternionic Kähler manifold Q of the same dimension as H. Hitchin provides a local description, using the flat special Kähler connection to write T * C = C × R 2m , putting Q = S × CH(m + 1) and adjusting the metric along quaternionic directions related to the symmetry. Patching of Hitchin's local construction is described by Cortés, Han and Mohaupt [11] . However, we will show that a global picture may be obtained by considering Haydys' quaternionic flip construction in indefinite signature, as also found by Alexandrov et al. [4] and Alekseevsky et al. [2] , and that in addition the constructions may be directly described via the twist construction of [29] . The twist construction lifts the circle action on H to a principal circle bundle P and constructs Q as the circle quotient of P by the lifted action. The main conclusions are that the c-map for projective special Kähler manifolds is obtained from the rigid c-map, via general constructions for hyperKähler manifolds with a rotating circle symmetry, and that these latter constructions are essentially unique.
The rigid c-map
The rigid c-map constructs hyperKähler manifolds of dimension 4n from so-called special Kähler manifolds of dimension 2n. It was described mathematically by Freed [16] . Let us demonstrate this construction using the language of structure bundles and show how the special Kähler condition arises naturally. For later use we will need the case of indefinite metrics. for all X, Y ∈ TM.
Our conventions are such that ω I (·, ·) = g(I·, ·). When M is a Kähler manifold, there are sophisticated constructions of hyperKähler metrics on neighbourhoods of the zero section of T * M due to Feix [14] and Kaledin [23] . We will show how the extra conditions of a special Kähler geometry arise naturally from the desire to have a simply defined hyperKähler metric on the whole cotangent bundle.
HyperKähler structures on flat vector spaces
Let V denote C p,q regarded as (R 2m , G, i), m = p + q, so that the (indefinite) inner product is v, w = v T Gw and i is the complex structure iG = Gi, i T = −i. Concretely, take G = diag(Id 2p , − Id 2q ) and i = diag(i 2 , . . . , i 2 ), where i 2 = 0 −1 1 0 . The vector space H = V + V * is isomorphic to H p,q and the flat (indefinite) hyperKähler metric may be described as follows.
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Let θ ∈ Ω 1 (V, R 2m ) be the tautological one-form from the identification T x V ∼ = V = R 2m . In other words,
where (x 1 , y 1 , . . . ) are the standard coordinates on R 2m and the flat metric on V is
The Kähler form on V is
Similarly on V * , let α ∈ Ω 1 (V * , R 2m * ) be the tautological form:
Now regarding H = V + V * as T * V there is a canonical symplectic form
In addition, using i we may construct
Together with
we obtain a flat hyperKähler structure with metric
, where ε i = G ii = ±1, and complex structures:
The cotangent bundle
Let us start with a general manifold M of dimension n. The bundle GL(M) of frames, i.e., linear isomorphisms u :
where ξ * is the vector field on GL(M) generated by the infinitesimal action of ξ ∈ End(R n ), the Lie algebra of GL(n, R). The connection is torsion-free if and only if
The cotangent bundle may be constructed as the associated bundle
on GL(M) × (R n ) * agrees with dx on (R n ) * and is zero on vectors tangent to the GL(n, R)-action. It satisfies R * g α = αg. As the kernels of the forms α and θ are preserved by the group action, these kernels descend to provide a splitting
2)
The canonical symplectic form on T * M is now
since xθ is the tautological one-form. Expanding the right-hand side gives
Now suppose that M carries an almost complex structure I and that n = 2m. Consider the bundle GL(C, M) of C-linear frames u :
If we identify the cotangent bundle with Λ 1,0 M = GL(C, M) × GL(m,C) (C m ) * , then we obtain a canonical non-degenerate closed (2, 0)-form. Its real part is the canonical symplectic structure ω J given above, where θ is pull-backed to GL(C, M). The imaginary part is Proof. The expansion of ω K above shows that ω K = −α ∧ iθ if and only if
where ω ∇ is pulled-back to GL(C, M).
are the complex and anti-complex parts of ω ∇ , we have that ω C takes values in gl(m, C). Equation (2.3) is equivalent to
As ω ∇ is torsion-free, we have dθ = −ω C ∧ θ and so ω C is a torsion-free GL(m, C) connection. Thus we have a torsion-free connection ∇ C such that ∇ C I = 0. By the Newlander-Nirenberg Theorem, such a connection exists if and only if I is integrable. Now equation (2.4) is equivalent to 0 = iη A ∧ θ = −η A ∧ iθ. This is zero on vertical vectors, and for any X, Y ∈ TM taking any lifts
. As ∇ C I = 0 and the two connections ∇ C and ∇ are torsion-free, this is equivalent to (2.1).
Let us now assume that (M, I) has a Hermitian metric g, possibly of indefinite signature. Then the structure group reduces to U(p, q). Let U(M) denote the bundle of unitary frames. Pulling θ and ω ∇ back to U(M), these forms satisfy the identities given on
Considering the flat model we see that the Hermitian form on M pullsback to −
it is natural to look for a hyperKähler metric whose Kähler form for I is
Since such a hyperKähler metric pulls-back to the zero section as the given Hermitian structure on M, we see that M is necessarily Kähler. In particular, the connection one-form ω LC for the Levi-Civita connection on M is a T -U(p, q)-connection and torsion-free, so Proof. It remains to show that for a torsion-free connection ∇, closure of ω I corresponds to ∇ being flat and symplectic. We compute
We 
This says that ω ∇ is symplectic, since
for any j with j 2 = −1, and in particular for j = s.
For future use we note that ω ∇ satisfies 10) where s = R h u for any local unitary frame u. Note that h is a function on M 0 , so x only enters the above expressions through its differential. Thus translations T v (x) = x + v, for each v ∈ (R 2m ) * , are triholomorphic isometries of the hyperKähler structure.
Remark 2.5.
There is a natural circle action on the fibres given by x → xe it . This rotates the pair ω J and ω K . However, the infinitesimal action on α is
Thus the action preserves ω I if and only if ω ∇ = ω LC , so M is a flat Kähler manifold. Thus in general the hyperKähler metric obtained from the rigid c-map is different from the hyperKähler metrics on cotangent bundles constructed by Feix [14] and Kaledin [23] .
△

Conic special Kähler manifolds
For the local c-map the central starting object is a 'projective special Kähler manifold'. We will adopt the usual strategy [16, 11, 24] of defining these in terms of conic special Kähler manifolds.
is nowhere vanishing, and (ii) ∇X = −I = ∇ LC X. We say that a conic structure is periodic or quasi-regular if X exponentiates to a circle action, regular if that circle action is free. We call X a conic isometry of C.
is too. In this way, by considering regular examples with different periods one gets examples that are (i) quasi-regular, but not regular, or (ii) non-periodic depending on whether the periods are rationally related or not.
Lemma 3.2. On a conic special Kähler manifold (i) the vector field X is an isometry preserving I, and
(ii) the vector field IX is a homothety that preserves both I and the special connection ∇.
Proof. The results for X follow purely from ∇ LC X = −I: we have
For IX we have ∇ LC (IX) = I∇ LC X = Id and simple modifications of the above arguments show that 
Note that X itself does not preserve ∇:
which is only symmetric, not zero. Proof. To be a moment map we need µ satisfy dµ = X ω. We have
2 dIdµ and µ is a Kähler potential.
Definition 3.4.
A projective special Kähler manifold is a Kähler quotient S = C c X = µ −1 (c)/X of conic special Kähler manifold C by a conic isometry X at some level c ∈ R, together with the data necessary to reconstruct C up to equivalence.
We will not dwell on the extra data needed on S to specify C, as we will not need it at this stage. However, we do note that, for c = 0 the projection µ −1 (c) → S is a (pseudo-) Riemannian submersion, and that the Kähler form ω S on S pulls-back to µ −1 (c) as ι * ω, where ι : µ −1 (c) → C is the inclusion. The Kähler structure on S is of Hodge type, since the connection form
Let X be the horizontal lift of a conic isometry X to the cotangent bundle H = T * C. This is the vector field in
Equip H with the hyperKähler geometry of section 2.
Proposition 3.5. The horizontal lift X is an isometry of H preserving ω I and with
Proof. Let X also denote any choice of lift of X to a vector field on
The essential point is to compute the quantity dχ, where
To see this, note that χ : GL(C) → R 2m is the equivariant map representing the section X of TC. It follows that ∇X is represented by the form dχ
and this gives the claimed formula (3.4). We now find
As the hyperKähler metric is specified by ω I , ω J and ω K , it follows that X is an isometry.
For reference, flatness of ∇ implies
Twisting hyperKähler manifolds by a rotating circle symmetry
Let (M, g, I, J, K) be a hyperKähler manifold. Suppose that X generates a circle action that is isometric, preserves I but rotates J and K. More precisely assume that
We write ω I (·, ·) = g(I·, ·), etc., for the Kähler forms. and put
The question we wish to address is when can this circle action be used to twist (M, g) to a quaternionic Kähler metric. As the twist construction [29] does not preserve closed forms, we expect to have to adjust our original structures before twisting. Therefore consider the metric
for some unknown functions f , h ∈ C ∞ (M). It will be convenient to allow this metric to be indefinite. Twisting the geometry by an unknown curvature form
Let W be the twist of M with respect to X, F and a. Topologically W = P/ X ′ , where P → M is a principal circle bundle with connection oneform θ P whose is curvature F. If the principal action on P is generated by Y andX is the horizontal lift of X to P, then X ′ =X + aY. The geometry on W is induced from that on M by pulling invariant tensors (metrics, complex structures, etc.) back to the horizontal distribution H = ker θ P and then pushing them down to the quotient W; we say that such tensor are H -related and write ∼ H for this relation. For this to work we need X ′ to be transverse to H , which is equivalent to the non-vanishing of a. Note that the original hyperKähler metric has fundamental four form
which is invariant under the action of X. We write ω N I for the 2-form defined by (g N , I ), etc., and Ω N for the corresponding four-form. We will look for twists W where Ω N is H -related to a quaternionic Kähler four-form Ω W .
Pointwise Ω N and Ω W agree when pulled back to H , which is isomorphic to both T x M and T y W. In dimensions at least 12, when g N is non-degenerate, the only condition now required for Ω W to define a quaternionic Kähler metric is that this four-form be closed [26] . The result we will prove is: 
where µ is a Kähler moment map for the action of X on (M, g, I) and c, k, B are constants.
We will start by concentrating on the case when dim M is at least 12. However, first let us note that it is a simple consequence that this twist data is usable in all dimensions.
Corollary 4.2. In all dimensions, the data F, a, f and h of Theorem 4.1 define a twist that is quaternionic Kähler when g N is non-degenerate.
Proof. Consider M × H 2 , with circle action on H 2 given by q = z + jw → z + je −iθ w = e iθ/2 qe −iθ/2 . Then the twist W is a quaternionic submanifold of the twist of M × H 2 , so totally geodesic and hence quaternionic Kähler by Gray [17] .
The constants c, k, B in Theorem 4.1 have the following significance. Firstly B is just an overall scaling of the metric, so only adjusts the result by a homothety. The scalar k changes the curvature form, and thus affects the topology of the twist. Note for global constructions the curvature form F must have integral periods. Scaling of k can help to achieve this. Different choices of k then correspond to coverings of the twist manifold. Finally c is the only constant which affects the local properties of the quaternionic Kähler metric, but it also affects the global picture by changing the lift of X to the twist bundle.
It follows that the twist construction above agrees with the constructions of Haydys [18, [18] . In particular, given an isometry Y of a quaternionic Kähler manifold Q, by [27] one may lift Y to a tri-holomorphic isometry Y U if the associated bundle U (Q). Then the one-dimensional family of corresponding hyperKähler manifolds with rotating X are provided by the hyperKähler quotients of U (Q) by Y U at different levels.
Quaternionic Kähler twists in high dimensions
This section will be devoted to proving Theorem 4.1 in most dimensions. In particular, for dim M 12 we will verify that this twist data always leads to a quaternionic Kähler manifold and we will prove that for this is the only such data that suffices.
First, to determined dΩ W for a general twist, we need a little more notation, part of which is contained in the next result.
Lemma 4.3. The exterior derivatives of
and
Proof. The first three assertions follow from 
This implies that dα
and 2-forms
With this notation the Hermitian forms of g N are
Proposition 4.4. The four-form
where
see [29] . Note that d W is a derivation on the graded algebra (Ω * (M), ∧) of all forms, so we have
even though ω J and ω K are not invariant. We now compute
with H as in (4.6). Similar computations lead to
Combining these formulae with (4.8) gives the desired result.
We may now confirm that Theorem 4.1 does indeed give quaternionic Kähler twists. 
The proof of the uniqueness part of Theorem 4.1 now proceeds by decomposing d W Ω N = 0 in to type components corresponding to the splitting TM = HX + B with B = (HX) ⊥ . We call elements of α 0 , α I , α J , α K ⊂ T * M 'type (1, 0)', and elements in the orthogonal complement T * B 'type (0, 1)'. This induces a type decomposition of each Λ k T * M. In particular, d W Ω N ∈ Ω 5 (M) splits into five components. Note that ω is type (2, 0) + (0, 2) , and that Ω is type (4, 0) + (2, 2) + (0, 4).
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Firstly the type (0, 5) part gives
The form Ω (0,4) is a quaternionic form on B, and so the Lapage like map type (1, 0) .
Since µ is a moment map for the action of X with respect to ω I , we have α I = X ω I = dµ. We conclude that f = f (µ) and so d( f 2 ) = 2 f f ′ α I , where ′ denotes the derivative with respect to µ.
Using this information, we have
with H (0,2) = 0. Taking the (2, 3)-part of this equation gives (3, 2) .
On the other hand, the coefficient of ω
giving H IK = 0 and H 0I = −H JK . Finally, the coefficient of ω
where ω α I := α 0I − α JK . Using the definition (4.6) of H shows that
Note that non-degeneracy of g N ensures that
The two-form F in (4.14) needs to be closed and to satisfy (4.2). To evaluate these conditions, introduce the function
Note that G = dX ♭ + ω I and that d X 2 = −X dX ♭ . Equation (4.15) then implies that
, since the twist construction requires a to be non-zero. We conclude that
for some non-zero constant k 0 . It remains to determine when F is closed. When k 0 = 0, we substitute
the expression for a into (4.14). This gives 
Uniqueness in dimension eight
Here we extend Theorem 4.1 to manifolds of dimension 8. By Corollary 4.2, we know that the given twist data does lead to a quaternionic Kähler metric. It thus remains to prove that this twist data is unique.
Recall [27] 
Our problem with computing the derivatives of ω W A is that they do not correspond to invariant forms on M, and so we can not directly use the formulae of [29] . To resolve this first note that it is sufficient to work away from the fixed point set of X: this is a totally geodesic submanifold of codimension at least two, so its complement is open and dense and the complement corresponds to an open dense subset of the twist.
Let θ(t, q) = θ t (q), for t ∈ R and q ∈ M, be the one-parameter group generated by X. On M, we have θ 
Now to solve (4.17), we use (4.9). As in the proof of Theorem 4.1, we consider the components of (4.16) according to their types with respect to the splitting of Λ k T * M induced by α 0 , . . . , α K ⊂ T * M and its orthogonal complement.
Write
for each A = I, J, K. As each non-zero element in the span of ω α I , ω α J and ω α K is non-degenerate, it follows, that
Now the fact that σ N is skew-symmetric yields
Now consider the (1, 2)-component of (4.17). We have immediately that
Considering the coefficients of ω β A and putting δ = d (1, 0) f − hα I , the equations then give    δ + H 02
The off-diagonal terms and the skew-symmetry of σ N imply that H (0,2) = 0. It then follows that δ = 0, i.e., 
Multiplying through by f , we use (4.21) to get
The first of these equations implies that f H = (
, the second and third equations then give
Substituting h = f ′ , we see that H is given by equation (4.13) as in the higherdimensional case. The arguments following (4.13), then provide the claimed uniqueness in dimension 8.
Geometry of the twist
Let us start by specialising the above results when the hyperKähler manifold is the image of the rigid c-map for C conic special Kähler. By Alekseevsky et al. [2] and the remarks after Corollary 4.2, we now know this gives the c-map and its one loop deformations via Figure 1 . We wish to show how the properties listed by Ferrara and Sabharwal [15] may be obtained from the twist picture and describe some global aspects. Let X be the conic isometry, and put H = T * C. By Proposition 3.5, we have that the horizontal lift X is a hyperKähler isometry of H rotating J and K.
Lemma 5.1. The twist data for the symmetry
Moreover, F is exact.
Proof. We first compute d X ♭ . In the notation of Proposition 3.5, we have
by Proposition 3.5 and (2.8). As F = k(d X ♭ + ω I ), the claimed expression for F follows from (2.5):
To check the formula for µ, we wish to show that dµ = X ω I . We compute
where we again have used (2.8). It follows that µ = 
We now wish to describe the geometric properties of the quaternionic Kähler manifolds Q c that we obtain from the above twist construction. We put Q = Q 0 .
Lemma 5.2. For general c, the metric g N is
where B is an arbitrary constant, g HX is the restriction of g to HX ⊂ TH, and g ⊥ is the restriction to (HX) ⊥ . In particular, for c = 0, the metric g N is
Proof. By Theorem 4.1, In particular, when H/ X is smooth, the diffeomorphism is as manifolds. For X regular, this is the case when C has a global flat symplectic frame; such a frame always exists on some discrete cover of C.
which is the twisting function a. As F is exact, the twist bundle P is trivial, P = H × S 1 , with connection oneform φ = β + dτ, where τ is the parameter on the S 1 -factor. The twist W is the quotient P/ X ′ , where X ′ = X φ + a ∂ ∂τ with X φ the φ-horizontal lift of X to P. This means that in the product structure P = H × S 1 , we have
Note that for general c, we get X ′ = X − c ∂ ∂τ above and the twist is (H × S 1 )/ X − c ∂ ∂τ . Now in the general twist construction, if N ⊂ M is an X-invariant submanifold, it inherits natural twist data from M: writing ι : N → M for the inclusion, the circle bundle is P N = ι * P with curvature ι * F preserved by X, and the twist function is simply ι * a, as dι * a = ι * da = −ι * X F = −X ι * F. This implies that the lift X ′ of X to P its tangent to the submanifold P N . In particular, if X ′ is regular, then the twist P N / X ′ of N is a submanifold of the twist P/ X ′ of M.
We first consider the image of the cone C under the twist. Proof. Let ι C : C → H be the inclusion, where C lies in H = T * C as the zero-section. The twist data is ι * F = −ι * ω, ι * a = ι * µ = s and
Let S be the Kähler quotient µ −1 (s)/X of C at some regular value s. As C is conic with X regular, we have projections π S : C → S and π S : H → S;
is a differential subalgebra and pulls back to a subalgebra of Ω * (C Q ).
Pulling back to C Q , we have that dι * α 0 = ι * α 0 ∧ ι * α I and so S 1 = ker(ι * α 0 ) ∩ ker(ι * α I ) is an integrable foliation of C Q . Similarly the kernel of ι * (Ω 1 S ) is a complementary two-dimensional integrable distribution S 2 of C Q . The leaves of S 1 have the same ring of functions as S, so are diffeomorphic to S. Moreover the two distributions S 1 and S 2 are orthogonal in the induced metric. The metric on S 1 is H -related to −g C,⊥ /µ = g S /s, that on S 2 is 1 2 ι * (α 2 0 +α 2 I ). Each distribution inherits a complex structure from I and we obtain a Kähler product. The differential relations, together with the completeness of the metric on S 2 , show that the universal cover of S 2 is CH(1) as a solvable group. By Proposition 5.3, S 2 = R >0 × S 1 = CH(1)/Z. Proposition 5.5. Let X be regular and 
is an orbit of X and IX, so by regularity is a copy of C * .
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Write ι : C L → C for the inclusion of this orbit. The leaf L is the restriction ι * T * C = T * C| C L . The relations in (3.2) , show that ι * ∇ and ι * ∇ LC agree as connections on the bundle ι * TC. In particular, this bundle is flat, and there is a discrete cover C ′ L over which it is trivial. We thus have that the pull-back ι * Sp(C) of the bundle of symplectic frames admits a flat symplectic section s over C ′ L . In our case s may be chosen to be unitary with span of the negative definite directions equal to the span of X and IX. As in (2.10) each v ∈ (R 2m ) * gives rise to a tri-holomorphic isometry of H ′ around C ′ L . Write U v for the corresponding vector field.
Write µ = εν 2 , for some ε ∈ {±1} and a smooth function ν : 
see [29, Lemma 3.7] . In our case, from Lemma 5.1 we have a = µ = εν 2 and
Considering the Lie brackets of vertical vector fields, we find
For mixed brackets, note that X and IX commute with the fibre translations U v . Now dν is given by X ω I = dµ = 2ε νdν, so Xν = 0 and
We thus see that (IX) Q , X Q , (V v ) Q , v ∈ (R 2m ) * , span a Lie algebra g; (IX) Q acts with weight 2 on X Q and weight 1 on (V v ) Q ; furthermore X Q , (V v ) Q span a Heisenberg algebra with derived algebra generated by X Q . Thus g is the solvable algebra of CH(m + 1) as shown by Hitchin in [20] . This is a discrete cover of the leaf L Q . For the metric g N and our choice of section s, the above Lie algebra generators, where v runs over the standard unitary basis for G on (R 2m ) * , T -has constant coefficients and so is left-invariant. Indeed this homothetic to the standard orthonormal basis of CH(m + 1) when with a scaling factor of √ 2.
Note that the form ω N I does not induce a Kähler form on CH(m + 1). Indeed direct computation gives d W ι * ω N I = α I JK /µ 2 , which is non-zero.
The hyperbolic plane
To provide more concrete examples of the c-map, we consider indefinite projective special Kähler structures on open subsets S of the hyperbolic plane RH(2) with constant curvature Kähler metric. The space RH(2) is a solvable group of dimension 2 with one-dimensional derived algebra. Choosing any unit vector B in the derived algebra and putting A = −IB, we obtain an orthonormal basis for the Lie algebra satisfying The metric is g S = a 2 + b 2 and the corresponding Kähler form is ω S = a ∧ b.
We note that Ia = b. Locally any special Kähler cone C over S ⊂ RH(2) is of the form C = R >0 × C 0 . Here C 0 is a bundle over S, with connection one-form ϕ satisfying dϕ = 2π * ω S = 2ã ∧b, whereã = π * a, etc., corresponding to reduction at level g(X, X) = −1 in (3.3). 
Lemma 6.1. The metric and Kähler form of
Proof. In general the metric is as claimed withψ = k dt for some k ∈ R >0 and ω C =â ∧b − εφ ∧ψ, for some ε = ±1. For this structure to be Kähler we need dω C = 0. However, Proof. With respect to the unitary coframe s * θ = (â,b,φ,ψ) the connection one-form ω LC is uniquely determined by ds * θ = −s * ω LC ∧ s * θ, with ω T LC G + Gω LC = 0 and iω LC = ω LC i. It follows from (6.1) that
The curvature is then given by Proof. We need to determine when the geometry admits a flat symplectic connection. In the notation of the proof of Lemma 6.2, we need to determine a matrix-valued one-form η such that
Furthermore the analysis of Lemma 3.2, shows that we must have X η = 0 and IX η = 0. The latter implies that the entries of η lie in the span ofâ andb. Now (ii) and (iii) imply
with all entries in the span ofâ andb. Using (i), and considering the coefficients ofφ andψ gives first p = 0 = q and then x = 0 = y. We then have
Equations (6.2) are solved in general by writing
which is constant. We may thus write s + = r cos z, s − = r sin z for some local function z and constant r > 0 satisfying 2r 2 = (4 − λ 2 ).
Computing du and dv, the equations
Now the metric we twist is
which is a complete metric on (t > 0). Thus g N has constant coefficients with respect to the coframe (ã,b, ϕ,ψ,Ã, . . . ,Ψ), where the last five terms are given byψ =ψ/t, etc. The twist data is
with twist function a equal to µ = −t 2 /2. The coframe γ := s * θ/t = (ã,b, ϕ,ψ) on C is invariant under X, so we can compute these twisted differentials immediately:
(6.4) On the other handδ := (s * α)/t = (Ã,B,Φ,Ψ), has L Xδ = (L X s * α)/t = X ds * α/t =δ( X s * ω LC ) = −δi, so these forms are not invariant. However the bundle C 0 → RH(2) is trivial; indeed dϕ = 2ã ∧b = −db, and we may write ϕ = dτ −b with exp(iτ) globally defined. We have Xτ = 1, and L X (δe iτ ) = 0. Putting δ =δe iτ , we find that
which has constant coefficients with respect to the coframe (γ, δ), as do the relations (6.4).
T -
As g N is complete, it follows that the universal cover of the twist gives a left-invariant metric on a Lie group G.
The Lie algebra g is completely solvable, with derived algebra n of codimension 2, while n is 3-step nilpotent, with n ′ = [n, n] of dimension 3 and n (2) = [n, n ′ ] of dimension 1. We see that the Lie algebra is isomorphic to the solvable algebra corresponding to the non-compact symmetric space Gr (2)). This solvable algebra may be identified with the Lie algebra of matrices
when one realises u(2, 2) as matrices preserving i and the inner product given by a matrix with non-zero entries 1 in each anti-diagonal position
, where for example (y = 1) means the matrix with y = 1 and all other variables zero.
The non-flat case
In this case, we take λ = 2/ √ 3. The difference η between s * ω ∇ and s * ω LC is described in the proof of Proposition 6.3. Note that the local function z appearing there satisfies dz = 2(ϕ + √ 3b), so ϕ = 1 2 dz − √ 3b. But dϕ = 2ã ∧b = − √ 3db, so corresponding to the flat case we write τ = z/2. This again has Xτ = 1.
If we write (Â,B,Φ,Ψ) = s * α = dx − xs * ω ∇ = dx − xs * ω LC − xη, the description of g H and g N is as in the flat case, and the twist data is the same. Putting γ = (ã,b, ϕ,ψ), we have , b ′ , ϕ,ψ, ǫ 1 , . . . , ǫ 4 ) we see the structure of solvable algebra associated to G * 2 / SO(4): an explicit matrix representation of this solvable algebra is provided by Castrillón López, Gadea and Oubiña [8] ; in their notation the dual to our coframe is (A 2 , U 3 , X 3 , 2A 1 + A 2 , −X 2 , U 1 , U 2 , X 1 ).
Deformations and related geometries
Our description of the c-map via the twist construction has the advantage that there are obvious changes that can be made that still yield quaternionic Kähler twists.
T -(i)
The most obvious is that a constant c can be subtracted from the µ given in §5, as in Theorem 4.1. This change has been identified by Alexandrov et al. [4] and Alekseevsky et al. [2] as the one-loop deformation of the Ferrara-Sabharwal metric, originally found by Cecotti, Ferrara and Girardello [9] and also studied by Robles Llana, Saueressig and Vandoren [25] .
(ii) The rigid c-map produces hyperKähler metrics with many tri-holomorphic isometries. If Y is one of these, we may consider twists by Z = X + λY for any real constant λ. Since Z satisfies L Z ω J = ω K and is a Kähler isometry for (g, ω I ), Theorem 4.1 shows that the twists of H = T * C by Z are still quaternionic Kähler.
(iii) If Y is a tri-Hamiltonian isometry acting freely and properly on H and commuting with X, the one can create a new hyperKähler manifold with rotating circle action as follows. Recall that the hyperKähler modification [12] of H = T * C by Y is H mod = (H × H)/ / /R, the hyperKähler quotient of H × H by the action (p, q) → (t · p, e −it q), where Y generates the action p → t · p. On the product H × H we have a rotating circle action given by the action of X on the first factor and that of q → e it/2 qe −it/2 on H. This action descends to H mod such that the hypotheses of Theorem 4.1 are satisfied. It is therefore possible to twist H mod to produce quaternionic Kähler metrics.
(iv) The construction of item (iii) may be generalised further. Firstly one may replace the factor H by any hyperKähler four-manifold that admits a tri-Hamiltonian action that commutes with a circle action rotation satisfying (4.1). In general this is specified by S 1 -invariant monopoles on open subsets U of R 3 , cf. Hitchin [19] . Such monopoles are specified by a harmonic function on U that is required to be positive. Secondly, in [30] it shown how such generalised modifications may be interpreted as twists via tri-holomorphic isometries, and there form part of a wider class of hyperKähler twists constructions, corresponding to a relaxation of the positivity condition on the harmonic function on U ⊂ R 3 .
In Alexandrov et al. [5, 6] various deformations of hyperKähler and quaternionic Kähler metrics are discussed. It seems likely that some of the constructions above under items (ii) to (iv) describe their deformations, and that some simply provide isometric deformations of the quaternionic Kähler metric. However, at this stage the correspondence between these constructions in not clear. We believe items (ii) to (iv) describe a wider class of quaternionic Kähler metrics. 
